The homogeneous balance of undetermined coefficients method is proposed to obtain not only exact solutions but also multi-symplectic structure of some nonlinear partial differential equations. Bilinear equation, N-soliton solutions, traveling wave solutions and multi-symplectic structure are obtained by applying the proposed method to the KdV equation. Accordingly, the definition and multi-symplectic structure of the generalized KdV-type equation are given. The proposed method is also a standard and computable method, which can be generalized to deal with some types of nonlinear partial differential equations.
Introduction
Nonlinear partial differential equations (NLPDEs) are used to describe a variety of phenomena not only in physics, but also in several other fields.
The way to obtain the exact solutions of NLPDEs should be considered firstly for any given NLPDEs. There are numerous powerful methods, such as the inverse scattering method [] , the homotopy perturbation method [] , the first integral method [] , the ( [] , which can be used to construct the exact solutions of NLPDEs.
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As is well known, for most of NLPDEs, it is difficult to obtain the exact solutions or there is no exact solution. In these cases, it is natural to resort to the numerical methods. Analogous to the analytical methods, there are many numerical methods to solve NLPDEs. However, considering the stability and effectiveness of numerical algorithms, not all numerical methods can be used to solve NLPDEs [] . Based on the basic rule that all numerical methods should preserve the intrinsic properties of NLPDEs as much as possible, a multi-symplectic algorithm for Hamiltonian PDEs was presented by Marsden et al. [] who derived a numerical scheme from the Lagrangian formulation in firstorder field using a discrete variational principle. Bridges The above multi-symplectic algorithms for NLPDEs have been developed well. Longtime numerical stability, high precision and preserving the intrinsic properties of NLPDEs have been proved. Generally, for given NLPDEs, how to construct multi-symplectic structure of the NLPDEs is an important issue and a step to solve NLPDEs. Moreover, to our knowledge, there are few methods which consider not only the exact solutions but also the numerical solutions for given NLPDEs.
Based on these problems, a new method, which is called the homogeneous balance of undetermined coefficients method, is used to construct not only the exact solutions but also multi-symplectic structure for given NLPDEs.
To illustrate the validity of the proposed method, let us consider the celebrated KdV equation in the form
where δ is a constant. Firstly, the homogeneous balance of undetermined coefficients method is used to obtain N -soliton solutions and traveling wave solutions of Eq. (). Secondly, we will construct multi-symplectic structure of Eq. (). Thirdly, we will consider NLPDE
which is called generalized KdV-type equation with f and g being smooth functions. Finally, similar to constructed multi-symplectic structure of Eq. (), the multi-symplectic structure of Eq. () is given. The remainder of this paper is organized as follows: the homogeneous balance of undetermined coefficients method is described in Section . In Section , the proposed method is used to obtain N -soliton solutions and traveling wave solutions of Eq. (). In Section , multi-symplectic structure of the KdV equation is given by the proposed method. In Section , the definition of generalized KdV-type equation is given. Moreover, we construct multi-symplectic structure of the generalized KdV-type equation. In Section , some conclusions are given.
Description of the homogeneous balance of undetermined coefficients method
Let us consider a general NLPDE, say, in two variables
where P is a polynomial function of its arguments, the subscripts denote the partial derivatives. The homogeneous balance of undetermined coefficients method consists of three steps.
Step . Suppose that the solution of Eq. () is of the form
where
, m, n (balance numbers) and a ij (i = , , . . . , m; j = , , . . . , n) (balance coefficients) are constants to be determined later.
By balancing the highest nonlinear terms and the highest order partial derivative terms, balance numbers are obtained. Substituting Eq. () into Eq. () and balancing the terms with (
j yield a set of algebraic equations for balance coefficients.
Step . Solving the set of algebraic equations and simplifying Eq. (), we can get the bilinear equation or homogeneous equation of Eq. () directly or after integrating some times (generally, integrating times equals the orders of lowest partial derivative of Eq. ()) with respect to x, t.
Step . Generally, in order to obtain the exact solutions of Eq. (II) By using traveling wave transformations
the bilinear equation or homogeneous equation of Eq. () satisfies the following ODE:
where the prime denotes the derivation with respect to ξ and λ, μ and V are constants to be determined later.
Substituting Eqs. () and () into the bilinear equation or homogeneous equation of Eq. (), it is converted into the following equation:
where l  , l  and l  are polynomial functions of V , λ, μ. Setting l  = l  = l  =  yields a set of algebraic equations for V , λ, μ. Solving the set of algebraic equations and using the solutions of Eq. (), w can be determined. Substituting w into Eq. (), exact traveling wave solutions of Eq. () are obtained.
Next, we choose Eq. (), namely the KdV equation, to illustrate our method.
Application to the KdV equation
In this section, the method proposed in Section  is used to obtain N -soliton solutions and traveling wave solutions of the KdV equation.
Suppose that the solution of Eq. () is in the form of Eq. (). Balancing u xxx and uu x in Eq. (), it is required that m +  = m + , n = n. Then Eq. () can be written as
where a i (i = , , ) are constants to be determined later. 
where a  is an arbitrary constant. Substituting Eq. () into Eq. (), we get
Simplifying Eq. () and integrating with respect to x once, we get
where C(t) is an arbitrary function of t. 
Remark  Applying Hirota's method [] to Eq. (), the bilinear equation of Eq. () can be written as 
Obviously, 
.). Setting
it is easy to find that w  is a solution of Eq. ().
and using linear independence of functions , h  , h  , h  h  , we get
T (b  , b  and b  are constants to be determined) into Eq. () and using linear independence of functions ,
Similarly, w N can be obtained by recursiveness. 
where ε is a parameter and c i = c i (x, t) (i = , , . . .). Substituting Eq. () into Eq. () and arranging it at each order of ε, we get
The order-ε equation can be rewritten as a linear differential equation for c  as follows:
Solving Eq. (), we get
where P  and ξ   are arbitrary constants. The coefficient of ε  can be rearranged as follows: 
where P  and ξ   are arbitrary constants. If we choose w  = e P  x-(a  P  +δP   )t + e P  x-(a  P  +δP   )t in Eq. (), similar to the above process, we can get
where 
where w * and w satisfy Eq. (), and α, β and a  are arbitrary constants.
(II) Now, we discuss the traveling wave solutions of Eq. () by using traveling wave transformations.
Using transformations w(
where Y * = (w, w , w , w , w ) T , the prime denotes the derivation with respect to ξ , and V is a constant to be determined later, and
Noticing the bilinear property of Eqs. (a) and (b), w can satisfy the following ODE:
where λ and μ are parameters. Substituting Eq. () into Eqs. (a) and (b), we get
Setting l  = l  = l  =  yields a set of algebraic equations for V , λ, μ. Solving this set of algebraic equations, we get 
λ, μ, C  , C  and a  are arbitrary constants.
, Eq. () can be rewritten as
where C  , C  and a  are arbitrary constants, A, V and ξ are given by Eq. ().
where C  , C  and a  are arbitrary constants, A, V and ξ are given by Eq. (), ξ  = arctanh
where C  , C  and a  are arbitrary constants, A, V and ξ are given by Eq. (). Obviously, Eq. () can be written as
where C  , C  and a  are arbitrary constants, A, V and ξ are given by Eq. (), ξ  = -arctan
Multi-symplectic structure of the KdV equation
In this section, multi-symplectic structure of the KdV equation is given by using the results of Section . Firstly, we quote the definition of multi-symplectic structure which is given by Bridges and Reich [] .
Definition  []
Let M and K be any skew-symmetric matrices on R n (n ≥ ) and let S : R n → R be any smooth function. A system of the following form is a Hamiltonian system on a multi-symplectic structure:
where the gradient ∇ Z is defined with respect to the standard inner product on R n , denoted by ·, · .
Given a PDE, how to determine Hamiltonian function S and state variable Z is key of constructing multi-symplectic structure.
Consider Eq. (), setting a  =  in Eq. () (see Section ) and substituting it into Eq. () yield (ln w) xxt + δ(ln w) xx (ln w) xxx + δ(ln w) xxxxx = .
Integrating the above equation with respect to x once and setting integration constant to zero yield
Introducing a state variable Z * = ((ln w) x , (ln w) xx , (ln w) xxx , (ln w) xt ) T , we have
Noticing antisymmetry of state variable's coefficient matrix, we have
Noticing (ln w) xx = ((ln w) x ) x , we have
Multiplying δ to Eq. () and noticing u = δ(ln w) xx , and introducing a state variable 
which has a compact form 
because A is a skew-symmetric matrix. Thus, H is constant along trajectories, and this implies conservation of total energy. Assuming ψ t (Y) is the time t flow map of Eq. (), we get the variational equation
